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Abstract
To show that Ramsey theorem for spatial graphs without local knots does not hold in general,
we construct a spatial embedding of Kn;n which has no local knots on edges and which contains
any subdivision of a given nonsplittable 2-component link. c© 2001 Elsevier Science B.V. All
rights reserved.
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1. Introduction
A knot is a simple closed curve in the 3-space R3 while a link is a disjoint union
of simple closed curves in R3. A continuous map H :R3× [0; 1]→R3 is called an
ambient isotopy of R3 if Ht :R3→R3 with Ht(x)=H (x; t) is a homeomorphism for
each t ∈ [0; 1] and if H0 is the identity map of R3. Two knots (or links) L and L′ are
said to be equivalent or ambient isotopic to each other if there is an ambient isotopy
Ht :R3→R3 with H1(L)=L′. The equivalence classes of knots and links are called
knot types and link types. In particular, a knot is said to be trivial if it is ambient
isotopic to a simple closed curve on the plane in R3, or equivalently if there is a
2-disk in R3 whose boundary coincides with the knot. Otherwise, a knot is essential
or knotted. A link L= ‘1 ∪ ‘2 with two components is splittable if there is a 2-sphere
S2 in R3, disjoint from L, whose inside includes ‘1 and whose outside includes ‘2.
An embedding f :G→R3 of a graph G into R3 is called a spatial embedding of G
and its image f(G) is called a spatial graph. The equivalence over spatial graphs is
de8ned in the same way as for knots and links. Since a cycle in a graph is a simple
closed curve topologically, a spatial graph will contain many knots or links unless
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each of its components is a tree. Conway and Gordon [1] have shown the following
interesting theorem on knots and links contained in spatial complete graphs Kn.
Theorem 1 (Conway and Gordon [1]). (i) Any spatial embedding of K6 contains a
nonsplittable link.
(ii) Any spatial embedding of K7 contains a nontrivial knot.
This theorem can be regarded as a kind of “Ramsey theorems”, which state that
a suBciently large complete graph always includes a certain structure (see [2] for
Ramsey theory). However, Theorem 1 refers to neither the link types nor the knot
types to be contained in K6 and K7. Can we establish theorems in the same style for
prescribed link types or knot types? For example, is there a natural number N such
that any spatial embedding of KN contains the Hopf link or the trefoil knot?
As the author has pointed out in [5], the answer to this question is negative in
general. First embed Kn in an arbitrary way and next make a local knot on each edge.
Then, any cycle in this spatial Kn must involve many local knots. Controlling those
local knots on edges, we can exclude a given knot type or link type from such a spatial
Kn. (The de8nition of a local knot will be given in the next section.) So, we need
some restriction on the spatial embeddings of Kn to establish theorems in the expected
form.
The following theorem is the 8rst one which gives a positive answer to the above
question. A spatial embedding of a graph G is said to be rectilinear if each edge of
G is a straight line segment joining its end vertices.
Theorem 2 (Negami [5]). Given a spatial graph L; there exists a natural number
N such that any rectilinear spatial embedding of KN contains a subgraph which is
ambient isotopic to a subdivision of L.
Miyauchi [4] has already proved the same fact for the complete bipartite graph
KM;N , instead of KN , which is more fundamental since it implies Theorem 2 logically.
Moreover, Negami has shown the similar theorems in [6, 7], considering the following
conditions which also exclude local knots on edges.
• A projective-rectilinear spatial embedding of G admits an ambient-isotopic image
which projects to a rectilinear projection, that is, each of whose edges projects to
a straight line segment on the plane.
• A good spatial embedding of G admits an ambient-isotopic image which projects
to a good drawing on the plane.
A good drawing of a graph G on the plane is a familiar notion in topological graph
theory, related to “the crossing numbers” of graphs. (See [3] for topological graph
theory and its terminology.) It is de8ned as a drawing of G such that:
(i) The points presenting vertices are all distinct.
(ii) Each edge is a simple arc.
(iii) Any adjacent pair of edges intersect only in their ends.
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Fig. 1. Three spatial embeddings of K3; 3.
(iv) Any nonadjacent pair of edges cross each other in at most one point.
(v) No three nonadjacent edges meet together in one point.
The following implications are clear, but there are examples which deny their oppo-
site directions:
rectilinear ⇒ projective-rectilinear ⇒ good:
For example, Fig. 1 presents three spatial embeddings of K3;3, rectilinear, projective-
rectilinear and good in order. It is easy to see that the middle one is not equivalent
to any rectilinear one. Using the arguments in [8], we can show that the third one is
good, but is not projective-rectilinear.
The progress through [4–7] has relaxed the conditions on spatial embeddings of
KN or KM;N , excluding local knots on edges. So, the natural question arises: does the
Ramsey theorem with prescribed knot type or link type hold for spatial embeddings
without local knots on edges? (Such an embedding is said to be local-knot-free.)
Our purpose in this note is to answer this question. The answer is negative and we
shall construct a local-knot-free spatial embedding of Kn;n so as to exclude a given
nonsplittable 2-component link.
2. Spatial graph without local knots
Let G be a spatial graph and e an edge of G which is not a cut edge. We say that
e has a local knot if there is a 3-ball B3 in R3 such that:
(i) B3 ∩G= e.
(ii) The pair (B3; e) is a nontrivial tangle. That is, there is no homeomorphism
h :B3→B30 from B3 to the unit ball B30 with center (0; 0; 0) such that h(e) is
contained in the x-axis.
When e is a cut edge, this de8nition will not work so well as one expects. For, if the
components of G − e can be separated by a 2-sphere, then any local knot on e in our
sense can be eliminated by an ambient isotopic deformation. However, it is enough for
our arguments below since we deal with only Kn;n which has no cut edge if n¿2.
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Fig. 2. Signs of crossings in a link diagram.
In the following proof, we shall use the linking number of link components. So we
shall describe it brieKy here. Let L= ‘1 ∪ ‘2 be a link with two components ‘1 and ‘2
and consider its projection or its diagram on the plane. Giving and 8xing an orientation
for each of ‘1 and ‘2, we assign +1 or −1 to each crossing point on the diagram where
‘1 runs over ‘2, as shown in Fig. 2. Then the linking number lk(‘1; ‘2) is the total sum
of ±1 taken over those crossings. This linking number is known to be an ambient
isotopic invariant for oriented links, that is, does not depend on the diagram used to
calculate it. Note that
lk(‘1; ‘2) = −lk(‘1;−‘2) = −lk(−‘1; ‘2);
where −‘i denotes ‘i with opposite orientation. So we may assume that lk(‘1; ‘2)¿0.
Theorem 3. Given a nonsplittable 2-component link L and any natural number n;
then there exists a spatial embedding of Kn;n which has no local knots on edges and
which does not contain any subdivision of the link L.
Proof. First consider the rectilinear spatial embedding of Kn;n with partite sets
X = {xi = (i; 0; 0) ∈ R3: i = 1; : : : ; n}; Y = {yi = (i; 3;−i) ∈ R3: i = 1; : : : ; n}
called the standard spatial embedding of Kn;n, and perturb this so that it projects to a
good drawing on the xy-plane. Let c1; : : : ; cr be the crossings of its projection. Replace
each crossing ci with 2ti + 1 crossings (ti ∈N), as shown in Fig. 3, to make another
spatial embedding of Kn;n. We shall show that this embedding is local-knot-free.
Let xiyj be any edge of Kn;n. Then xiyj is contained in a cycle of length 4, say C.
For example, we may choose xiyjxi+1yj−1 as C when 16i¡n and 1¡j6n. The
projection of C has only one crossing, say ck , in the original embedding of Kn;n while
it has 2tk + 1 crossings lying horizontally in the second spatial embedding. In either
case, C is a trivial knot.
Suppose that there is a local knot on xiyj. Then there is a 3-ball B3 in R3, by
de8nition, such that B3 ∩Kn;n= xiyj and that (B3; xiyj) is a nontrivial tangle. This
implies that C can be obtained as the connected sum of two knots at least one of
which is nontrivial. It is, however, well known in knot theory that a trivial knot cannot
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Fig. 3. Modifying the embedding of Kn; n.
be decomposed into such a connected sum. Thus, the existence of a local knot on xiyj
implies a contradiction.
Now, we shall adjust the values of ti so that the spatial embedding of Kn;n does
not contain any subdivision of L. Let ‘1 and ‘2 be the two components of L and set
ti =2m+i − 1 for i=1; : : : ; r with an integer m¿0 such that (2m − 1)¿lk(‘1; ‘2)¿0.
Suppose that L= ‘1 ∪ ‘2 is contained in the spatial embedding of Kn;n. Since L is
not splittable, the projection of L must have at least two crossings. Let cs be one of
crossings at which ‘1 and ‘2 cross each other. Consider the sequence of 2ts+1 crossings
lying horizontally and corresponding to cs, and assume that xiyh and xjyk with i¡j
and k¡h cross each other at cs. If ‘1 runs along xiyh, then it goes over xjyk at ti + 1
crossings and hence it contributes to lk(‘1; ‘2) by ±(ti + 1). On the other hand, if ‘1
runs along xjyk , then it contributes to lk(‘1; ‘2) by ±ti.
Let ci1 ; : : : ; cik be the crossings concerning with the above calculation of lk(‘1; ‘2)
and suppose that i1¿ · · ·¿ik . Then we have
lk(‘1; ‘2)¿ ti1 − [(ti2 + 1) + · · ·+ (tik + 1)]
= 2m+i1 − 2m+i2 − · · · − 2m+ik − 1
¿ 2m − 1:
This inequality is contrary to our assumption on m. Thus, L= ‘1 ∪ ‘2 cannot be con-
tained in the adjusted embedding of Kn;n.
In our construction, each pair of edges of Kn;n involve so many crossings. If we
bound the number of crossings of each pair of edges, we might be able to establish
another Ramsey theorem. Are there natural numbers N with the following condition
for a given knot, link or spatial graph L and a constant c? A spatial embedding of
KN;N contains L if it admits a projection such that only nonadjacent pairs of edges
cross each other in at most c points. In fact, Negami’s theorem in [7] guarantees the
existence of N for any spatial graph L and a constant c=1.
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